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1. INTRODUCTION

DC motors are electric motors that provide high starting torque and precise speed control by
converting direct current electrical energy to mechanical energy [1—3]. Due to their simple design, ease
of control, and capability to produce high torque at low speeds, DC motors are widely utilized in a
variety of applications, including industrial automation, robotics, automotive, agriculture, and home
appliances [4—7]. Since these motors are the main actuator component of the system, the appropriate
controller should be designed to these motors to achieve good performance, precise speed and position,
and efficient energy usage.

There are numerous studies related to speed and position control for DC motors. The most popular
control technique is the PID controller, with its simplicity, intuitive design, good performance in linear
systems, and capability for real-time adjustment [8]. PID parameters can be decided by several
techniques, such as classical methods like manual tuning [9], Ziegler—Nichols, and Cohen-Coon that use
reaction curves or ultimate gain [10] and optimization methods by minimizing error for better
performance [11]. Additionally, frequency domain approaches ensure robustness, while modern
techniques, including trial-and-error, genetic algorithms, and fuzzy logic, adapt to complex systems
[12]. The other techniques are machine learning methods [13], Model Predictive Control (MPC) [14],
and software tools like auto-tuners to provide convenient automated tuning solutions [15].
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In this study, PID parameters will be selected using Linear Quadratic Regulator (LQR) approach,
that offers a systematic framework for optimizing control gains. The LQR method is based on optimal
control theory and offers a reliable alternative to the trial-and-error tuning methods often used in PID
control design. By formulating the PID controller as a three-term structure compatible with the quadratic
cost function of the LQR. This theory was first introduced in 1971 by Williamson and Moore [16].

2. RESEARCH METHOD

This research began with a literature study on DC motors and their control methods. It proceeded
with mathematical modeling, followed by the design of the controllers. Simulations were then conducted
using software to evaluate the performance of the designed controllers compared to Ziegler—Nichols
method and analyze which controller is suitable for the system requirement.

2.1. Mathematical Model

Figure 1. Equivalent circuit of a DC motor

DC motor is an actuator that uses the magnetic field force between the induced magnet from the
winding, which is powered by an electric current flowing through the rotor, and the permanent magnet
on the stator to transform electrical energy into mechanical energy [17]. Figure 1 illustrates a DC motor's
equivalent circuit. The armature circuit's voltage equation can be expressed as the following equation
using Kirchhoff's voltage law.

ver+1 Yy (1
N ar "¢

Where V is the voltage supply of DC motor, I is electric current, L is the inductance of the winding,
R is resistance, and e is back electromotive force voltage, which is the product of the angular velocity
w and a constant k.. Then, the electric circuit equation can be rewritten as equation (2).

dl k R 1

—__fp__ Z
i Le L1+LV 2
Meanwhile, the mechanical equation of the DC motor can be written as follows.
T=Ja+ bw 3)

With t as the induced torque, J as the moment of inertia, « as the angular acceleration, b as the
friction coefficient, and w as the angular velocity. The induced torque is the product of the torque
constant k., and the electric current I flowing through the rotor windings. Therefore, the mechanical
equation can be expressed as:

k. =]+ bé
49 _ Doyl 4)
dt ] Ji

Based on equation (2) and (4), by defining the state variables x; = 8, x, = 8, x3 = I,andu = V,
the system’s state space can be written as:
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Table 1. Physical parameters of DC motor used in this study
Parameter Value
Friction coefficient, b 0.00105 Nms
Moment of inertia, ] 0.0054 kg m?
Torque constant, k. 0.507 Nm/A
Back emf constant, k, 0.507 V/rad/s
Inductance, L 0.0125 H
Resistance, R 7.102 O

The physical parameters of the DC motor used in this study are shown in Table 1. Then, by
substituting those physical parameters, the state space matrixes are obtained.

0 1 0
A=10 -0.19 93.89 [1 0 0] D=0

0 —40.56 -—568.16

2.2. Controller Design
Before designing the controller, the controllability of the system is analyzed to determine whether

the system is controllable. If the system is able to change from one state to another in a limited amount
of time, it is said to be controllable [18]. The controllability matrix M can be expressed as follows.

M=[B : AB : A%B]
0 1 7511.11

M=1]0 751111 —-427x10°
80 —4056 2.55x 107

The rank of the matrix was calculated as 3, matching with the system's dimension (n = 3). This
indicates that the controllability matrix is full rank, and the system is fully controllable. Furthermore, in
this article the controller to be designed is an LQR—tuned PID, which is a PID control with LQR as the

parameter’s selector for PID gain values K, Ki, and K.
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Figure 2. Block diagram of designed DC motor position control

The block diagram of the designed system to control the position of a DC motor is shown in Figure
2. Mathematical model of DC motor from equation (5) and (6) can be rewritten as follows:

x = Ax + Bu x(t,) =0
y=Cx (7)

x is the solution of equation (7), u is assumed as the output from the PID controller with input y, so that
the output can be expressed as the equation (8).

t
0
with K, K,, and K5 are PID gains.
Ky
K = ?; K, = Kp; Kz = KpTy

L
Where K,, is proportional gain, T; represents time integral, and T, denotes time derivative from PID
controller. Then, control law (8) is stated as state feedback control by using equation (7). From those
equations, it can be obtained:
y=Cx

y = CAx + CBu 9
y = CA*x + CABu + CB1
by applying the equation (9) to equation (8), result in:
u= Ky + Ky + Ky
(1 — K3CB)u = (K3CA? + K,CA + K, C)x + (K3CAB + K,CB)u (10)

The notation K is used to denote the normalized value of K.

(K, Ky
RT =R, | = (1 - K3€B)™! K, (11)

K K;

cT 0
u=KT| ATCT |x+K"| BTCcT |u (12)
_(AZ)TCT BTATCT
The equation (12) can be simplified as:

u, = Kgx, (13)

with
ug =1, xg =[x u"
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_ CT ATCT (AZ)TCT 5 o
K, = [ 0 BTCT BTATCT]K =IK (14)

the augmented system equation based on equations (7) and (14) is as follows.

Xq = Agxq + Baug, (15)
T a0

By solving the Riccati equation (17), K can be determined, and the values of K;, K,, and K5 can
be calculated. In other words, the gains for PID control can be obtained.

AP+ PA, — PB,R™'BIP+Q =0 (17)

P

KT = —R™1BTP (18)

3. RESULTS AND DISCUSSION

To verify the feasibility of the designed controller, simulations were conducted by using the
software. In these simulations, the matrices Q and R are chosen for the LQR parameters. Where Q
represents the weighting matrix for the state variables, influencing how deviations from desired states
affect the control effort. Matrix R, on the other hand, specifies the weighting on control inputs,
influencing how much control effort is penalized relative to the state deviations.

g 0 0 0
0 go 0 0
0 0 gs O
0 0 0 gq

The fixed value for parameter R is chosen, while parameter Q is varied by changing the values of
elements q, q, q3, and q,. The elements of matrix Q are selected through the empirical approach of
trial and observation. Initially, random values were set to test how they affected the system. The values
are then improved in steps where each step response is compared, and the aim is to reach a reasonable
trade-of between system stability, response speed, and the amount of control effort needed. While this
approach does not rely on a systematic optimization method, it does provide a means of practical tuning
according to how the system performs. With these variations in the LQR parameters, different PID
gains and step responses of the system are obtained, as shown in the following Table 2 and Table 3
respectively.

Table 2. LQR parameters and PID gains

LQR parameter PID Gain
Controller
761 42 K 44 R Kp Ki Kq
Ctrl 1 0.0001 15 1 5 1 1.0514 0.0100 0.0019
Ctrl 2 0.001 10 2 4 1 0.7640 0.0316 0.0014
Ctrl 3 0.01 5 3 3 1 0.4405 0.1000 0.0008
Ctrl 4 0.1 20 2 2 1 1.3686 0.3162 0.0024
Ctrl 5 1 25 2 6 1 1.6644 1.0000 0.0030

The relationship between the corresponding PID gains and the LQR parameters (Q and R) is shown
in Table 2. The diagonal elements of state cost matrix Q (g4, g2, q3, q4) affect the weight given to state
variables in the optimization process, while the control input cost matrix R, is kept constant at R=1 to
maintain consistent penalty on control effort. These LQR parameters are used to tune the PID gains (K,
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K;, K4), where K, adjusts the system'’s response to current errors, K; addresses accumulated errors to
eliminate steady-state error, and K; mitigates future errors to reduce overshoot.

As g, and other elements of Q increase, the PID gains show a corresponding adjustment to achieve
the desired control performance. Lower g, values (e.g., Ctrl 1) result in more conservative gains, while
higher g, values (e.g., Ctrl 5) lead to higher gains, figuring responsiveness and control effort. This trend
reflects a systematic method to tune the balance between system responsiveness, stability, and control
effort, offering flexibility in designing controllers for various applications, from conservative to
aggressive control strategies. Furthermore, the effect of other elements of Q must also be considered.
The value of g, primarily influences the integral gain K;, which affects steady-state performance. A
higher g, tends to result in a higher K;, improving steady-state accuracy but also increasing the risk of
oscillations. The elements g3 and g, impact the derivative gain K, which affects the damping
characteristics of the system. Lower values of g3 and g, may lead to a lower K, potentially reducing
overshoot but also slowing down the response. On the other hand, higher values of g5 and g, contribute
to increased K, improving damping but possibly require higher control effort. The step responses of
the designed controllers, compared with Ziegler—Nichols (ZN) tuned PID with gain K,, = 175.8, K; =
3516, and K; = 2.1975 are displayed in Figure 3.
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Figure 3. Step responses of designed controllers and ZN-tuned PID

Table 3. Comparison of step responses for different controllers

Step response performance
Controller Rise Time Settling Overshoot Steady-
(s) Time (s) (%) State Error
Ctrl 1 0.7947 1.2953 0.50 0.0043
Ctrl 2 1.1133 9.9806 2.53 0.0200
Ctrl 3 1.5050 11.8510 15.66 0.0388
Ctrl 4 0.5219 6.8382 9.36 0.0089
Ctrl 5 0.3930 3.7631 20.27 0.0002
ZN 0.0197 0.6898 68.21 3.33x10°71¢

For DC motor position control, choosing the proper controller is crucial, depending on the specific
performance requirements of the application, including response speed, stability, and precision. Based
on the step response data shown in Table 3, it can be seen that Ctrl 1 stands out with a balanced
performance, featuring a moderate rise time of 0.7947 seconds and a settling time of 1.2953 seconds,
with minimal overshoot at 0.50% and a very small steady-state error of 0.0043. This makes it a good
option for applications where precision and stability are important. In other side, Ctrl 5 achieves the
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fastest rise time of 0.3930 seconds and a settling time of 3.7631 seconds, with an impressive steady-
state error of 0.0002, however it comes with a significant overshoot of 20.27%. This indicates that Ctrl
5 is more suitable for the system where a quick response is necessary, and the overshoot can be accepted.
Meanwhile, Ctrl 4 strikes a balance with a relatively quick rise time of 0.5219 seconds, moderate
overshoot of 9.36%, and a low steady-state error of 0.0089, making it suitable for applications that need
a compromise between speed and precision.

The other controllers, Ctrl 2 and Ctrl 3, show longer settling times, greater overshot, and higher
steady-state errors, making them less suitable for precise position control tasks. In the other hand, ZN-
tuned PID controller provides the best response time with a very small steady-state error of 3.33 x 107
which is almost zero, but with very high overshoot of 68.21%. This excessive overshoot makes the ZN-
tuned PID unsuitable for motor position control in this case. In summary, Ctrl 1 is recommended for
applications that prioritize stability and accuracy, while is preferable for those emphasizing speed.

Ctrl 1 Ctrl 3 Ctrl 5
151 Cirl 2 Cirl 4

E
© 1
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Figure 4. Control signal of designed controllers
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Figure 5. RMS of control signal

Additionally, the root mean square (RMS) values of control signal are shown in Figure 5,
illustrating the value that is proportional with the energy required by each controller. Lower RMS values
indicate less energy consumption, with Ctrl 3 being the most energy-efficient while Ctrl 5 consuming
the highest energy. This highlights the trade-off between energy efficiency and performance, as more
responsive controllers like Ctrl 5 tend to require greater control effort. For applications emphasizing
energy savings, controllers like Ctrl 3 are more suitable, while high-performance tasks may justify
higher energy consumption. Based on the step responses and control signal graphs, Ctr 1 is chosen for
DC motor position control due to its good response and moderate energy consumption compared to
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another designed controllers. Furthermore, the ZN-tuned PID controller is not chosen for this system
due to its high control signal magnitude, with the RMS value of 22.49, indicating excessive energy
consumption. The control signal of the ZN-tuned PID controller is shown in Figure 6.

200 C T T T |
’ ZN Control Signal ‘
3 100 .
©
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-200 L 1 1 L
0 2 4 6 8 10

Time (seconds)
Figure 6. Control signal of ZN-tuned PID controller

4. CONCLUSION

This study demonstrates the effective tuning of PID controller gains using LQR parameters by
varying the state weighting matrix Q while keeping R constant. The diagonal elements of Q significantly
influence PID gains, shaping the system's response. Step response analysis highlights the controller’s
suitability for various applications. Ctrl 1 delivers balanced performance with minimal overshoot, short
settling time, and negligible steady-state errors, ideal for precision tasks. Ctrl 5 provides the fastest
response with very low steady-state error but high overshoot, suitable for speed-prioritized tasks. Ctrl 4
strikes a balance between quick response and moderate overshoot, suiting systems needing both speed
and precision. In contrast, Ctrl 2 and Ctrl 3 exhibit longer settling times and higher errors, making them
less effective for precise tasks. These results emphasize the effectiveness of LQR-based PID parameters
selection to meet specific control objectives compared to the ZN tuning method. For future work,
experimental validation on a physical DC motor system is recommended to validate the simulation
results. Additionally, investigating these controllers under disturbances and model uncertainties could
enhance their robustness for real-world practical applications.
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